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The exponential correlation function is theoretically incorrect in the entire frequency 
range of interest for processes described in terms of linear response theory.  The 
Lorentzian lineshape results from an inconsistent assumption of exponential correlation at 
timescales smaller than the relaxation time. A new correlation function is proposed that 
avoids the deficiencies of the exponential function. Comparison on dielectric relaxation 
in gases shows that the new correlation function can be used to fit data satisfactorily 
instead of the exponential function. The new correlation function is theoretically 
consistent for all processes described in terms of linear response theory. Its additional 
mathematical superiority implies that it can be used instead of the exponential function 
for all such processes. 
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The exponential time-correlation function is used widely to describe relaxation in many 
random physical processes in science and engineering. It appears to have been introduced 
by Debye [1] to represent dielectric relaxation in liquids and gases and has been used 
extensively ever since. Dielectric relaxation in gases belongs to a class of problems that 
are described in the framework of linear response theory [2] where the use of the 
exponential correlation function is widespread. However, this function is non-analytic at 
t=0 and results in several difficulties, including divergence of physical quantities. To 
overcome this problem, it is approximated at infinitesimal times by a Gaussian function 
that is continuous at t = 0. Hence a “short time approximation” is made near t=0 where 
the correlation function is a Gaussian and a “long term approximation” is made where it 
behaves as an exponential function [2,3]. However, in practice, these approximations are 
frequently ignored and the exponential function is used at all timescales. The exponential 
function is of theoretical importance as well, because according to Doob’s theorem [4, 5], 
any stationary, Gaussian, Markovian process can only have an exponential time 
correlation function. Conversely, any stationary, Gaussian process with exponential 
correlation is also Markovian [4,5] for which a large body of knowledge exists [5-7]. 
 
In this paper, it is shown that the exponential correlation function is theoretically 
inconsistent in the entire frequency range of interest for processes described in the 
framework of linear response theory. This is independent of the microscopic mechanisms 
of relaxation that may be different for different phenomena. A new one-parameter 
function that avoids the theoretical and mathematical difficulties posed by the 
exponential function is proposed to describe relaxation phenomenologically. The results 
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obtained from the new correlation function are compared with those from the exponential 
function using the example of dielectric relaxation in gases [2,11,12].  
 
In linear response theory, the generalized displacement, B(t), is given by the convolution, 
0
( ) ( ) ( )B t F t dχ τ τ τ
∞
= −∫ , of the response function, χ(τ), with the generalized force, F(t), 
that also incorporates the lag of the displacement and is non-Markovian [2]. Only when 
the force varies slowly is it given by ( )0( ) ( ) ( )B t F t dχ τ τ∞= ∫ that is Markovian [2]. The 
complex susceptibility [2] is given by
0
( ) '( ) "( ) ( ) ii e dωτχ ω χ ω χ ω χ τ τ
∞
= + = ∫ . The 
process becomes non-Markovian at frequencies where the lag δ, given by tan δ = χ"(ω) / 
χ'(ω), acquires a finite value. This occurs when χ"(ω) starts rising from its zero value at 
low frequencies (see also fig.3). Below this frequency, the static susceptibility, χ'(0), is 
sufficient to characterize the response completely. Therefore, whenever χ"(ω) is of 
interest, the random process is non-Markovian but using an exponential function implies 
that the process is Markovian [4,5]. Hence, the exponential correlation function is 
theoretically incorrect in the entire frequency range of interest even though it may 
provide a satisfactory fit to experimental data. The exponential correlation function, 
0| |
1( )C e
τ ττ −= , is obtained when linear relaxation, 
0
1
( ) ( )
d
X t X t
dt τ
〈 〉 =− 〈 〉  is assumed [2]. 
The above discussion shows that this expression is flawed in the entire frequency range 
(or timescale) of interest for many random processes. 
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This is consistent with the fact that most random processes are non-Markovian and can be 
approximated as Markovian only after a “coarse graining” so that the timescales of 
interest are much larger than the relaxation time. When the timescale of interest is of the 
same order as the relaxation time, the process cannot be approximated as Markovian [2].  
 
A more general argument (valid beyond linear response theory) is that an exponential 
correlation function is inconsistent whenever the derivatives of random processes have 
physical meaning (velocity fluctuations in fluids, current fluctuations in inductors etc.) as 
it implies that the process is not mean-square differentiable [3].  
 
From the above discussion, it is clear that a theoretically consistent, i.e. non-exponential, 
time-correlation function needs to be developed. One approach is to represent the 
microscopic physics correctly in which case the correlation function will be specific to 
individual phenomena. Another is to adopt a phenomenological approach that will 
provide a first approximation to time-correlation for many random processes. Because the 
exponential function represents the second approach, the new correlation function is 
developed in the same framework. 
 
The properties a correlation function for any stationary random process, X(t), must 
possess [3,13] are a) C(-τ) = C(τ) and b) | C(τ)| ≤ C(0).  Also, if the derivatives have 
physical meaning, additional properties it must possess [3,13] are c) C(τ) must be 
continuous at τ = 0 for the process to be mean-square continuous, d) C(τ) must be twice 
differentiable for the derivative of a random process, X′(t), to exist and <[X′(t)]
2
> = - 
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C″(0) and e) the random process and its derivative are uncorrelated at the same instant, 
C′(0) = <X(t) X′(t)> = 0 [3,13]. The power spectrum, S(ω), is the Fourier Transform of 
the time-correlation function by the Wiener-Khinchin theorem [11,13]. Expanding the 
time-correlation function, C(τ), about τ = 0 in a Taylor’s series and expressing the 
derivatives in terms of integrals over S(ω) results in an expression 
 
0
( )1( ) ( )
2 !
n
n
n
i
C S d
n
τ
τ ω ω ωπ
∞ ∞
−∞
=
= ∑ ∫  (1) 
that describes the time-correlation function in terms of moments of the power spectrum. 
This expansion does not exist for the exponential correlation function as it is non-analytic 
at τ = 0. If the dynamical variables of the system determine the correlation function, it 
must be analytic at t = 0 [2] which implies that its power spectrum must have finite 
moments. Eqn.1 suggests one criterion for selecting new correlation functions i.e. all 
moments of the power spectrum must be finite. S(ω) is an even function as classical time-
correlation functions are real and only even powers contribute to the summation in eqn.1. 
One of the simplest functions for which all moments are finite is the exponential 
function, | |( )S e α ωω −= . In this case, the various moment integrals become gamma 
functions and are given by 12 ( 1)n nα + Γ + . This corresponds to a time-correlation function 
of the form a/a
2
+τ
 2
 and when normalized to give C(0) = 1 can be written as 
 
2
2 2 2
( )
a
C
a
τ
τ
=
+
 (2) 
Fig.1 plots this function (a = 1.4 T) along with the exponential function, 0
| |
1( )C e
τ ττ −=  
with 0τ = 2 T. The new function requires only one parameter (a) to be specified like the 
exponential function ( 0τ ) and does not differ substantially numerically from it. Another 
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feature is that it possesses an inflection point at finite time τ = a, which corresponds to the 
mean collision time when relaxation occurs by molecular collisions. This is because the 
rate of change of correlation must be maximum at the mean collision time leading to an 
inflection point, d
2
C/dτ
2
 = 0, at this time. The mean collision ( 0τ = 2 T, a = 1.4 T) and 
relaxation (τ0 = 2 T, τ2 = 2.2 T) times are comparable. The exponential time-correlation 
function does not satisfy conditions d) and e). The new function is analytic at τ = 0 and 
satisfies all conditions, a) – e), required of a correlation function [3,13] and hence is 
mathematically superior to the exponential function. It will also satisfy various sum rules 
[2] as all moments of its power spectrum are finite. 
 
The results from the two correlation functions for the problem of dielectric relaxation 
[2,11,12] in gases are compared. The Debye model assumes an exponential correlation 
function. It does not account for molecular rotations and does not possess an inflection 
point that must exist at the mean collision time if relaxation is by collisions of molecules. 
Accounting for molecular rotations by a 0cosω τ  factor results in a correlation function  
 0
2 | |
3 0 0( ) coszC e
τ ττ µ ω τ−=  (3) 
proposed by Van Vleck-Weisskopf [8] and Frohlich [9] that has the same theoretical 
deficiencies as the exponential function. A new correlation function that takes into 
account molecular rotation and is theoretically consistent can be constructed as 
 
2
2
4 0 02 2
( ) cosz
a
C
a
τ µ ω τ
τ
=
+
 (4) 
Their Fourier transforms are the lineshape functions for absorption of radiation. They are 
the Lorentzian lineshape [11] (for ω > 0) 
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∫  (5) 
and a new lineshape function obtained by referring to tables [14] 
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∫  (6) 
Fig.2 plots the lineshape functions and shows that they are practically indistinguishable. 
In eqn. 5, the frequencies ω range about ω0 that is greater than the “relaxation frequency” 
ωc = 1/τ0. This suggests that an exponential correlation has been assumed at timescales 
smaller than the relaxation time, τ0. Therefore, the Lorentzian lineshape results from an 
incorrect theoretical basis. Additionally, it has divergent moments [11]. The new 
lineshape is theoretically consistent and has finite moments to all orders, which suggests 
that it can be used instead of the Lorentzian lineshape. 
 
The dielectric constants [2,11] for the correlation functions C1(τ) to C4(τ) obtained by 
referring to tables [14-16] are given in Table 1. The constant k accounts for the slightly 
different expressions also found in literature [11]. The real parts of the new dielectric 
constants, '2 ( )ε ω and 
'
4 ( )ε ω , must be evaluated numerically. 
 
Figs.3 and 4 plot the imaginary parts of the dielectric constants "1 ( )ε ω ,
"
2 ( )ε ω and 
"
3( )ε ω , 
"
4 ( )ε ω respectively. Above log(ω) ≈ -2.0 T
-1
, "1 ( )ε ω and
"
2 ( )ε ω start rising from a zero 
value (Fig.3) implying that above this frequency the polarization begins to lag behind the 
field. Hence, beyond this frequency the process is non-Markovian and "1 ( )ε ω , from the 
Debye model, is theoretically incorrect (though it may provide a satisfactory fit to the 
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data) while "2 ( )ε ω is not. This differs significantly from the current view that the Debye 
model is adequate except at high frequencies where new mechanisms become operative 
[2,11,12]. In Fig4, "3( )ε ω , from the Van Vleck-Weisskopf model, is theoretically incorrect 
while "4 ( )ε ω is not. The total power loss given by 
0
''( )dω ε ω ω
∞
∫  diverges in the Debye 
and Van Vleck-Weisskopf models [2] but is finite for the new functions "2 ( )ε ω and
"
4 ( )ε ω . 
Hence, from figs.1-4, it can be concluded that the new correlation function provides a 
satisfactory numerical alternative to the exponential function. In addition, it is 
theoretically consistent and mathematically superior to the exponential function. 
 
In conclusion, the exponential correlation function is a) theoretically incorrect in the 
entire frequency range of interest for random processes described in terms of linear 
response theory and b) is, more generally, incompatible for all processes where the 
derivatives have physical meaning. Its use results in inconsistencies such as a) a 
Lorentzian lineshape that implies an exponential correlation at timescales smaller than 
the relaxation time and b) infinite power loss. A new one-parameter correlation function 
is proposed as a mathematically superior alternative to fit experimental data satisfactorily. 
It is theoretically consistent for the above-mentioned categories of random processes and 
can be used instead of the exponential function for all such processes. 
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Table I   Real (ε') and imaginary (ε") parts of the dielectric constant for various 
correlation functions, C1(τ) to C4(τ). ε1, ε3 are from the Debye, Van Vleck-Weisskopf 
models and ε2, ε4 are their respective equivalents developed in this paper. 
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Fig.1. The exponential function (a) (C1(τ), ( 0τ = 2 T)) and the new function (b) (C2(τ), 
(a=1.4 T). T represents an unspecified unit of dimension Time.
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Fig.2. The Lorentzian lineshape, (a) with 0τ = 2 T and (b) the new lineshape function 
with a = 1.4 T. (ω0 = 100 T
-1
). 
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Fig.3.  Imaginary part of the dielectric constants, (a) "1 ( )ε ω  from Debye theory with 0τ = 2 
T and (b) "2 ( )ε ω using the new time-correlation function with a = 1.4 T. Above frequency 
log(ω) ≈ - 2.0 T
-1
 the process in non-Markovian and "1 ( )ε ω is theoretically incorrect. 
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Fig. 4.  Imaginary part of the dielectric constant (a) "3( )ε ω  obtained from Van Vleck- 
Weisskopf models with 0τ = 2 T and (b)
"
4 ( )ε ω  obtained using the new time-correlation 
function with a = 1.4 T. (ω0 = 5 T
-1
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